Abstract. In this paper, the linear Weingarten hypersurfaces in a locally symmetric Riemannian manifold are investigated and the rigidity theorems are proved by the operator 2 introduced by S. Y. Cheng and S. T. Yau, which is a generalization of main results obtained by several authors.
Introduction
When the ambient manifolds possess very nice symmetry, for example, the sphere, many results have been obtained in the study of the minimal hypersurface and the hypersurface with constant mean curvature or constant scalar curvature in these ambient manifolds. (One can refer to [1] - [7] ). Recently, Q.M. Cheng and H. Nakagawa [8] , and H.W. Xu [9] independently proved the optimal rigidity theorem for the hypersurface of constant mean curvature in a sphere.
In order to study hypersurfaces with constant scalar curvature, Cheng and Yau [12] introduced a new self-adjoint differential operator 2 acting on C 2 -functions defined on Riemannian manifolds. As a by-product of this approach they were able to classify closed hypersurface M with constant normalized scalar curvature R satisfying R ≥ c and non-negative sectional curvatures immersed in complete and simply connected (n + 1)-dimensional Riemannian manifolds of constant sectional curvature c, which will be denoted by Q n+1 (c) and are also known as space forms. By using the Cheng-Yau technique, X. Liu and H. Li [7] also obtained some rigidity theorems for hypersurface with constant scalar curvature. Therefore, it is important and natural to extend the Riemannian space forms to the locally symmetric Riemannian manifolds.
Let the ambient manifold N n+1 be a locally symmetric Riemannian manifold with sectional curvature K N and M be an n-dimensional complete hypersurface with constant mean curvature H in N n+1 . When
δ is a constant) at all points x ∈ M and the squared norm of the second fundamental form S satisfies S < n +
n 2 H 4 + 4(n − 1)H 2 , S. Shu [13] and S. Ding [14] have obtained that the hypersurface M is a totally umbilical hypersurface, respectively. H.W. Xu [15] has also obtained the same result when M is an ndimensional closed minimal hypersurface with constant mean curvature H in N n+1 and sectional curvature K N satisfying the condition δ ≤ K N ≤ 1 at all points x ∈ M and the squared norm of the second fundamental form S satisfies S ≤ (2δ − 1)n. Now let us introduce the notion of linear Weingarten hypersurfaces in an (n +1)-dimensional locally symmetric Riemannian manifold N n+1 as follows: In this paper, let the ambient manifold N n+1 be a locally symmetric Riemannian manifold with sectional curvature K N satisfying the condition
we shall say the manifold N n+1 satisfies condition ( * ). We study the linear Weingarten hypersurfaces in a locally symmetric Riemannian manifold.
As in the computation of ( [10, 11] ), we compute the scalar curvature of a point in
It is known that K is constant when N n+1 is locally symmetric, so
From (2.3), we denote
where r is a normalized scalar curvature of M . By investigating Cheng and Yau's operator 2 given in [12] and using some new estimations, we are able to study the compact or complete linear Weingarten hypersurfaces in a locally symmetric Riemannian manifold as follows: 
and M is a totally umbilical hypersurface or (2) M is an isoparametric hypersurface with two distinct principal curvatures, one of which is simple, and S
Example. We consider the Riemannian product manifold
Its sectional curvature is given by
is a totally umbilical hypersurface in a locally symmetric Riemannian manifold N n+1 , and
is an isoparametric hypersurface in a locally symmetric Riemannian manifold N n+1 , respectively.
Preliminaries
If M is a hypersurface in N n+1 , let {e 1 , e 2 , · · · , e n+1 } be a local frame of orthonormal vector fields in N n+1 such that, restricted to M , the vectors {e 1 , e 2 , · · · , e n } are tangent to M and the vector e n+1 is normal to M . Let {ω 1 , ω 2 , · · · , ω n+1 } be its dual frame field. We use the following convention on the range of indices:
Let K ABCD and R ijkl be the components of the curvature tensors of N n+1 and M , respectively. Let h = h ij be the second fundamental form of M ; the square of the norm of h is denoted by S =
It is well known that for an arbitrary hypersurface M of N n+1 , we have
The components R ij of Ricci tensor and the normalized scalar curvature r of M are given by
We denote the first and second covariant derivatives of h ij by h ijk and h ijkl respectively, which are defined as in [1] . Following [1] and [19] , we have
and the Ricci formula 
The mean curvature of M is given by H =
h ii e n+1 , and the Laplacian Δh ij of the second fundamental form h of M is defined by Δh ij = n k=1 h ijkk :
Since N n+1 is complete and locally symmetric, we have 
Following Cheng-Yau [12] , we introduce a modified operator 2 acting on any
It follows [12] that the operator 2 is self-adjoint relative to the L 2 inner product of M , i.e.
Choose a local frame of orthonormal vector fields {e i } so that at an arbitrary point x of M , h ij = λ i δ ij ; then at the point x, and by use of (1.1) and (2.10), we have
Putting (2.10) into (2.12), we obtain
Proof of theorems
The following lemmas are useful in the proofs of Theorems 1.1 and 1.2.
Lemma 3.1. Let M be an n-dimensional compact hypersurface in a locally symmetric Riemannian Manifold N n+1 satisfying condition ( * ). If P = aH +b, a, b ∈ R and (n − 1)a 2 + 4nb ≥ 0, then we have
Proof. From the Gauss equation, we have
Taking the covariant derivative of the above equation, we have
On the other hand,
It follows that
and equality holds if and only if
Choose a local frame of orthonormal vector fields {e i } so that at an arbitrary point x of M , h ij = λ i δ ij ; then at the point x we have
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and we obtain
Proof.
This proves Lemma 3.5.
From the assumption of Theorem 1.1 and Lemmas 3.1, 3.3, 3.4 and 3.5, we obtain
where c = 2c 2 − c 1 .
The next lemmas have essential roles in the proof of Theorem 1.2. 
